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Introduction
Mesh patterns : introduced by Brändén and Claesson [BC11] further studied by Úlfarsson [Úlf11] and Kitaev, Remmel
and Tiefenbruck in some series of papers.

The present work focuses on what the trio Kitaev, Remmel and Tiefenbruck call simple marked patterns in 132-avoiding
permutations [KRT12].

Goal : give combinatorial interpretation for permutations avoiding 132 of size n
having k values seeing ` greater/lower values on their left/right.

σ permutation : i matches MMP(a, b, c, d) in σ if in the coordinate system centered at (i , σi), the graph of σ has at
least a, b, c and d points in the respective quadrants I, II, III and IV.

mmp(a,b, c,d)(σ) : number of i such that σi matches with MMP(a, b, c, d) in σ.

Quadrant I (`, 0, 0, 0) : ` greater values on the right
Quadrant II (0, `, 0, 0) : ` greater values on the left
Quadrant III (0, 0, `, 0) : ` lower values on the left
Quadrant IV (0, 0, 0, `) : ` lower values on the right (same as Quadrant II by symmetry σ → σ−1)
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Q
(a,b,c,d)
132 (t, x) := 1 +

∑
n>1

tn (
∑

σ∈Sn(132)

xmmp(a,b,c,d)(σ))

Quadrant I: the series Q
(`,0,0,0)
132

Theorem

Q
(`,0,0,0)
132 |tnxk counts the number of Dyck paths with 2n steps having exactly k steps (1,−1) ending at height

greater than or equal to ` [KRT12].

We use Krattenthaler’s bijection [Kra01] between 132-avoiding permutations and Dyck paths.
For σ = 768945213, Krattenthaler’s bijection gives
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σ = 768945213→ 2 2 1 0 1 0 1 1 0
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Q
(2,0,0,0)
4,132 (x) = 8 + 4x + 2x2

Quadrant III: the series Q
(0,0,`,0)
132

Theorem

Q
(0,0,`,0)
132 |tnxk is equal to the number of binary trees over n nodes containing themselves k left subtrees containing

at least ` nodes [KRT12].
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We recall that the Narayana numbers are N(n, k) = 1
n

(
n
k

)(
n

k+1

)
Proposition

The number of binary trees over n nodes containing k left (or right) branches is counted by the Narayana
number N(n, k + 1).
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Quadrant II: the series Q
(0,`,0,0)
132

The key observation is in the following proposition
Proposition
Let σ be a 132-avoiding permutation. The statistic mmp(0, 1, 0, 0) only depends on the first value of σ. More
precisely, mmp(0, 1, 0, 0)(σ) = σ1 − 1.

This is due to the fact that we only study permutation avoiding 132.
Let σ ∈ Sn be a 132-avoiding permutation. We set

Definition

φ(σ) := (mmp(0, n, 0, 0) + 1,mmp(0, n − 1, 0, 0) + 1, . . .mmp(0, 1, 0, 0) + 1)

Let n be a positive integer. φ establishes a bijection between 132-avoiding permutations of length n and non-decreasing
parking functions of length n. Also, a simple algorithm computes the inverse.
Let us do that on the parking function (1, 1, 2, 4, 4, 6, 6, 6, 7).

1 is read 1
1 is read 1(1 + 1) = 12
2 is read 21(2 + 1) = 213
4 is read 4213
4 is read 4(4 + 1)213 = 45213
6 is read 645213
6 is read 6(6 + 1)45213 = 6745213
6 is read 6(6 + 1)(7 + 1)45213 = 67845213
7 is read 76(7 + 1)(8 + 1)45213 = 768945213

Theorem

Q
(0,`,0,0)
132 |tnxk is equal to the number of 132-avoiding permutations in Sn such that the packed of their suffix of

length n + 1− ` begins with value k + 1.

σ avoiding 132 suffix of σ of length 3 packed of the suffix mmp(0, 2, 0, 0)(σ)
1234 234 123 0
2134 134 123 0
2314 314 213 1
2341 341 231 1
3124 124 123 0
3214 214 213 1
3241 241 231 1
3412 412 312 2
3421 421 321 2
4123 123 123 0
4213 213 213 1
4231 231 231 1
4312 312 312 2
4321 321 321 2

This research was driven by computer exploration using the open-source mathematical software Sage [S+09] and its algebraic combinatorics features developed by the Sage-Combinat community [SCc08].
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