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@ Jones, Kitaev, Remmel: distribution in cycles of permutations

@ LoBue, Remmel: distribution in words
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Generating functions, k = 3 P i) v

N (p,q,t Z NiJ(p, q)t", where
n>1
N,I;’j(p, q) _ Z pnontriv(w)qtriv(w)
W€|N‘R([3])

wi=i,wp=j

A refinement of the generating function for all words in NR([3]):

N(p,g,t) =1+ > N¥(p,qt)
ijel3l



Generating functions, k = 3 P i) v

N'(p,q,t) = Ni/(p,q)t", where
n>1

N,I{'l(p, q) _ Z pnontriv(w)qtriv(w)
weNR([3])

|w|=n
wi=i,wp=j

A refinement of the generating function for all words in NR([3]):

N(p,g,t) =1+ > N¥(p,qt)
ijel3l

Special simplification in the case k = 3

The only possible matches are (1,2), (1, 3),(2,3). All nontrivial
matches are occurences of the consecutive pattern 13.




pnontriv(w) qtriv(W) t\ w]

Computing N(p, q, t)

e Each word w € NR([3]) belongs to a state of a finite
automaton.

@ The state records which p matches may occur when a letter is
appended to w.

Example: w =2
(1,2),(1,3) matches are not possible
(2,3) match is possible

Also in this state is the word w = 12.

@ Transition from state / to state j if you can append a letter to
a word in state / to obtain a word in state j.

o Weight the edges with the change in length (t) and any
p-matches completed by appending the last letter (p's and

q’s).



The automaton for k = 3 B g triviw) ¢l

This gives rise to a system of a equations, one for each state.

S3 =t + qtSy

Solve the system for all five states and sum them to get N(p, g, t).



Computing N3’1(p, q, t) pnontriv(w)qtriv(w)t\w|

This system of equations gives only the words starting with 3.



Computing N3’1(p, q, t) pnontriv(w)qtriv(w)t\w|

This system of equations gives only the words starting with 3.

Important property
All words in a given state have the same last letter.

To get words ending in 1, only sum the shaded states.




pnontriv(w) qtriv(W) t\ w|

t2 4+ t3 — p(1 — q)°t°

N3,1 t) =
(p:q.t) 1—2qt2 — g3 — pt2(1 4 g2t + 2q(q — 1)t?)




pnontriv(w) qtriv(W) t\ w]

2+t — p(1 — q)°t°
1—2qt? — q%t3 — pt?(1 + g%t + 2q(q — 1)t?)

Forn>2, N'(0,1) = Fn_o.

N*1(p,q,t) =

t2(1+t)
31 _
N>*(0,1, t) T 292 — 703
t2
T 1ot ¢2




A combinatorial explanation P i) v

Forn> 2, NE’I(O, 1) = Fpos.

Proof.
Let C, = {w € NR([3]) : |w| = n,w1 = 3, w, = 1, w has no 13s}.
Then N2'(0,1) = [Cal.

| A

C2 = {31} — Fo
C3={321} = F
For n > 4,

3...121 5 3...121 } — Fp4
3...321»3...321 =
3...231—3...231 n-3




pnontriv(w) qtriv(w) t\ w]

For all r > 0,
N> e L )l = T =yt
so that for all n,r > 0, Nf,”l(p, 1)|pr = Z Fi--Fj.,,.
J1seeeadkt120
n—2r—2=y""t1j;

Proof.
Unique factorization of words with r 13s produces r + 1 words with

no 13s:
(3...1]3...1]3...1]3...1]3...1]

r+1 $2r+2

N3Y(p, 1, 8)|,r = N30,1,t) = ——————.
(pa ’ )|P H (07 ’t) (1 —t— t2)r+1




pnontriv(w) qtriv(W) tlwl

g-analogues

It follows that
@ N3'(0,q) is a g-analogue of F,_5, and

@ N (p, q)|pr is a g-analogue of Z Fjv - Fia

n—2r—2=3"1*1j;

/\/3’1(07q) n NS’I(O,Q)

n

010 8 |12¢°+ 4"

110 9 [8q¢°+13¢"

> T1 10 | 28¢" + 6¢°

311 11 | 16q" + 38¢° + ¢°

2 2g 12 | 64¢° + 254

5 2q+q% || 13 | 32° + 104¢° + 8
6 1547 14 | 144¢° 1+ 88q" + ¢°
7

47 1 4q° || 15 | 64q° 1 272q + 418




pnontriv(w) qtriv(W) t\ w]

t? + 3
1—2qt2 — g2t3

N31(0,q,t) =

The denominator gives a recursion that we can also prove
combinatorially.

Theorem
For n >4, Ny'(0,q) = 2gN>',(0, q) + ¢2N>5(0, q)

3...121 »3...121 } — gN>?,

3...2321 —3...2321 31

3...3231 - 3...3231 }_> N2

3...1231 — 3...1231 } — ¢®N>Y, O




(D Patterns in the Coefficients

pnontriv(w) qtriv(W) t\ w]

n [ N210,9) [ n [ N27(0,9)

00 8 [ 12¢3+¢*

1]0 9 |8g°+13q¢*

21 10 | 28q* + 64°

31 11 | 16¢* +38¢° + ¢°

4| 2q 12 | 64¢° + 25¢°
5]29+¢° 13 | 32¢° 4 1044° + 847
6 | 52 14 | 1445 +88¢" + ¢°

7 [ 467 +4q% || 15 | 64¢° +272¢7 + 41¢°

With these initial values and the recursion, we can show

3,1
N2n+1

(0,q9) =2""1g""1 + higher order terms.



(D Patterns in the Coefficients

pnontriv(w) qtriv(W) t\ w]

n [ N210,9) [ n [ N27(0,9)

0]o0 8 |12+ ¢*

1]0 9 |8¢°+13q¢*

21 10 | 28q* + 64°

31 11 | 16¢* +38¢° + ¢°

4| 2q 12 | 64¢° + 25q°

5] 2g+ q? 13 | 32¢° + 104g° + 84’
6 | 57 14 | 144q° +88q" + ¢°

7 4q° +4q3 || 15 | 64¢° +272¢7 + 414°

With these initial values and the recursion, we can show

N;;}(O, q) = (n+2)2"3¢" "1 + higher order terms.



(D Patterns in the Coefficients P i) v

N>10,9) [ n [ N27(0,q)

n

010 8 | 12¢°+¢°

1[0 9 |8q¢°+13¢*

211 10 | 28q* + 6¢°

31 11 | 16¢* +38¢° + ¢°

4| 2q 12 | 64¢° + 25¢°

5| 2g+¢° 13 | 32¢° 4 104g° + 8¢’
6 | 57 14 | 1445 +88q" + ¢°
7

4q%7 +4q° || 15 | 64¢° + 272" + 414°

Ng’;}(o, q) = (1+2n(n—1))g>"2 + lower order terms
NgnIH(O q) = ( n)g®"~1 4+ lower order terms

/V33,71+2(0 q) = q°" + lower order terms



(D Patterns in the Coefficients P i) v

N>10,q9) [ n [ N27(0,q)

n

0]o0 8 | 123+ ¢*

1]0 9 |8g°+13q¢*

21 10 | 28q* + 64°

31 11 | 16g* 4 38¢° + q°

4| 2q 12 | 64¢° + 25q°
529+¢° 13 | 32¢° + 1044° + 8q°
6 | 52 14 | 1445 +88¢" + ¢°
7

4q° + 4¢3 || 15 | 64¢° + 272" + 4148

0 if n<3k—2,
- |fn:3k—27
N2;7+3(07 q)’q"*’( = 4k ifn=3k—-1

2 (4G + (5Y)) ifn=3k+j j=0.



@ ,\/S,l(p7 q) o pnontriv(w)qtriv(w)t\w|

t2+ 3 — p(1 — q)°t°

N3*(p,q,t) =
(Pa.t)= 1= 2qt? — q?t3 — pt?(1 + ¢t + 2q(q — 1)t?)
43— p(l—q)?t° 1
1-2qt2 —g*t> 1 _, (t2(1+q2t+2q(q—1)tz)>
1-2qt2—q2t3
o P(1+1)
- 1-2qt2 — ¢?t3

S pf Bt a(a )P (g 2q(a )
1 (1-2qt2—g2e3)+1




@ N,?’l(P, q) o when r =1 pnontriv(w)qtriv(w)t\w|

' 1+ tg+ g(q — 1)t3)?

3,1
N> (p,q,t)|p = (1—2qt2 — q213)2
n—4
In this case, Ng’l(p, q)|p is a g-analogue of Z FiFn_a_j.
j=0
n | N2 (P, q)lo n | NP, )l
0|0 9 | 24¢° + 144¢*
110 10 | 12¢° + 51g* + 8¢°
2]0 11 | 66g* + 62¢° + 2¢°
310 12 | 28¢* + 162¢° + 45¢°
41 13 | 172¢° + 2304° + 1847
5] 2q 14 | 64g° + 475¢° + 202q” + 34°
6 | 2g + 3q° 15 | 432¢% + 768q" 4 1084°
7 1 8¢%+24° 16 | 14445 + 13207 + 789¢° + 32¢°
8 | 52 +14¢° + ¢* || 17 | 10564” + 2388q" + 522¢° + 4q™°




@ Patterns in the Coefficients P i) v

n | N2 (p,9)lp n | Nal(p, )l

0|0 9 | 24¢° + 144¢*

1]0 10 | 12¢° +519* + 8¢°

210 11 | 66g* + 62¢° + 2¢°

3]0 12 | 28qg* + 162¢° + 45¢°

41 13 | 172¢° + 2304° + 184

5] 2q 14 | 64q° + 475q% + 202q" + 34°

6 | 2g + 3q° 15 | 432¢° + 768q” + 1084°

7| 8¢7+ 243 16 | 144q° + 13209 + 789¢° + 324°
8

5q° + 143 + ¢* || 17 | 10569 + 2388q" + 522¢° + 4q™°

N23,’71+4(Pa qQlp = (n+ 3)2"2q" + higher order terms
N23;,1+5(P7 q)p = (18 +13n+ n?)2"=3¢"*1 4 higher order terms



@ Patterns in the Coefficients P i) v

n | N2 (p,9)lp n | Nal(p, )l

0[]0 9 | 24¢3 + 144"

1]0 10 | 12¢° +51¢* + 8¢°

210 11 | 66g* + 62¢° +2¢°

3]0 12 | 28q* + 162¢° + 45¢°

41 13 | 172¢° + 2304° + 184

5] 2q 14 | 64q° + 475q% + 202q" + 34°

6 | 2g + 3q° 15 | 432¢° + 768q" + 1084°

7| 8¢7+24° 16 | 1444° + 13209 + 789¢° + 324°
8

5q° +14q° + ¢* || 17 | 105697 + 2388q" + 522¢° + 4¢™°

N33n1+3( L q)|p = ”(2”2 —2n+ 3)q2" + lower order terms
N§n1+4( )‘p = 2n2q2”+1 + lower order terms

3,1 _ . 2n+2
N3n+5( Q)\p = nq + lower order terms



Other first and last letters B g triviw) ¢l

N#l(ov 1) = N3’3(0, 1) = Fp_3
N21(0,1) = N32(0,1) = Fp»
N$72(07 1) = Nr2173(07 1) = Fp3+ (_l)n
N:3(0,1) = Fpg + (-1)" T

(0,1)

=
o




pnontriv(w) qtriv(W) t\ w]

t —2qt3 — g°t*

1,1 _

N>(0,q,t) = 1 3gt2 — 24263 — (q° — )4
n | Nat(0,q) | Np(0,1) || n | NaP(0, q) Nyt (0,1)
0]0 0 6 | 5q° 5
11 1 7 | 5¢° +64* 11
2]0 0 8 | 18¢* +3¢° 21
3|q 1 9 | 13¢g* +29¢° + ¢° 43
4] q? 1 10 | 59¢° + 264° 85
512¢°+¢° |3 11 | 34¢° +122¢° + 1597 | 171

Jacobsthal numbers: J, = J,_1 +2J,_9



pnontriv(w) qtriv(W) t\ w|

t —2qt3 — g°t*

1,1 o

N (O,q, t)* 1—3qt2—2q2t3—(q3—q2)t4
n [ N2T(0,9) [ N31(0,1) [n [ N2T(0,4q) NET(0,1)
0|0 0 6 |54 5
210 0 8 | 18¢* +3¢° 21
3149 1 9 [139%+29¢° + q° 43
4| q° 1 10 | 59¢° + 2645 85
5|2¢°+4q° |3 11 | 34¢° + 1224° + 15q7 | 171

Jacobsthal numbers: J, = J,_1 +2J,_9

N;;71+1(0= q) = Fan—19" + higher order terms



n 2 ¥ T



