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For a permutation o = 0102 ... 0, € Sp,, a pair (o;, 0;) is called an
inversion if i < j and o; > o;. The number of inversions of o is
denoted by inv (o).

Definition
For a permutation o = 0105 ... 0, € Sy, Rl-min = {00 < o for
all i < j}, and rl-min (o) = {RI-min (o)}].

| A

A\

0=15324 inv(c)=4 Rkmin(o)={1,2 4}




Definition (Petersen 2011)

For a permutation o € S, there is a uniqgue decomposition
o= (i1,jj)(i2,j2) - (ikyjk) such that_h < j2 L ooo <jk and

I < f1, b < Jor oo, Ik < jk The sorting index is defined by
sor (P, w) = Y7, (j, —

Definition
The set of minimal elements of the cycles of a permutation o is
denoted by Cyc (c¢) and cyc (o) = | Cyc (o).

| A\

o=15324 = (1)(254)(3) sor(o)=5 Cyc(o)={1,2,3}




Equidistribution Property

Zqinv(cr) H ti:[-1(q_|_t2)...(q”—1_|_...q_|_tn)

ceS, i€RI-min (o)
2 @ I t=tla+t) (@ '+ g+t
c€S, ieCyc (o)

@ Bjorner and Wachs 1991
@ Petersen 2011
@ Poznanovik 2014



Forest Notation

@ A labeling of a forest P with size n is a bijection
w:P—{12 ..., n}.

@ The notation W(P) is used to denote the set of all possible
labelings of the forest P.

@ The notation [n] will denote the polynomial
Q"'+ + g+ 1.



Forest Notation

@ The hook length at x, denoted hy is the size of the subtree
rooted at x.

@ Order the vertices of P in increasing hook length and break
ties from left to right.




Inversions and Bottom-to-Top Maxima

Definition
inv(P,w) ={(x,y)lx <pyand w(x) > w(y)}| where w(x) is the
label of the vertex x.

| A\

Definition
Bt-max (P, w) = {ilw(x;) > w(x;) for all x; <p x;} and
bt-max (P, w) = | Bt-max (P, w)|.




inv(P,w)=3 Btmax(P,w)={1,2,3}



Sorting Index

Definition

The algorithm for computing the sorting index is as follows

sor=0

for i in range(n,1,—1)

begin
In the tree that contains the vertex y
with label i find the largest vertex, x,
such that x>py and w(x) </ and
interchange the labels of those two

vertices sor = sor + w,(y) — wy(x)

call this new labeling w
end




sor(Pw)=1+2=3



Definition
For a forest P with labeling w consider the sorted labeling w'.

Then Cyc (P, w) =
{ilw'(x;) is the minimum element in a cycle of w o (w’)~"} and

cyc (P, w) =|Cyc (P, w)|.

wow' "' =(1)(254)(8) Cyc(P,w)={1,2,3}



Equidistribution Property

Theorem (G, Poznanovic¢)

n

5 q.nva 11 t,le]”_!hH([hxi]—1+t,)
i—1 Nx;

weWw (P ieBt-max (P,w) i =1

n

Z qsor (P,w) H t = l_InLhH([hxl]—‘l +t)
i=1 "X

wew (P ieCyc (P,w) i =1




Inversions and Bottom-to-Top Maxima

Theorem (G, Poznanovic)

Let P be a forest of size n and let W(P) be the set of all labelings
of P. Then

Z g (P.w) gotmax (P.w) _ n! H([hx] 141
wEW(P) [er b xep




Outline for Proof by Induction

Let P be a forest with trees Ty, Ts, ..., T, for kK > 1, and let m; be
the size of T;. Then

Z qinv (P,w) tbt—max (P,w)

weW(P)

is equal to

K
n inv (T;,w) sbt-max (T;,w)
i t i .

(e m)IT @

""" i=1 weW(T))



Outline for Proof by Induction

Now applying the induction hypothesis yields

Z qinv (P,w) tbt—max (P,w)

weWw (P)

is equal to

m1|m2 i U H ] —1+1).

eT xeT



Outline for Proof by Induction

Now suppose k=1. Let P’ be the forest obtained from P by
removing the root r. Then every labeling w of P corresponds
bijectively with a pair (w’, j) where w’ is w restricted to P’ and
j = w(r). Using this we see

Z qinv (P,w) tbt—max (P,w)

weWw (P)

is equal to

n—1

Z Z qinv(P’,w)+n—jtbt-max(P’,w)+ Z qinv(P’,w)tbt-max(P/,W)+1'
j=1 weW(P’) weW(P’)



The A-code for (P, w) is a sequence (ay, a, . . ., a,) where
O0<a<h,—1foreachi=1,2,..., n, and
ai = {xlw(x;) > w(x;) and x; <p X}

Using the tree P with labeling w from the earlier example the
A-code is (0,0,0,2,1).



Inversions and Bottom-to-Top Maxima

Lemma (G, Poznanovic)

If the A-code of (P, w) is (ay, &, . . ., an), then
inv(P,w) =57, a;, and Bt-max (P, w) = {ila; = 0}.

A\

Theorem (G, Poznanovic)

Let P be a forest, then there is a bijection between W(P) and
pairs (w', (ay, a, . . ., an)) where w' is a decreasing labeling in
W(P)and0 < a < h,—1foralli=1,2,....n




The Bijection

@ Given a labeling w € W(P) let (a;, @, . . ., an) be the A-code
for (P, w).

@ Start with / = n and consider the vertex x;.

@ Letthe set A={w(x)|x <p Xxi}.

@ Find the largest element in A, call this label w;, and place it
on Xx;.

@ Now relabel the rest of the vertices below x; with the labels

in A\{w;} preserving the order from the original labeling and
call the new labeling w.

@ Repeat this process withi=n—1,n-2,..., 1.

@ Call the final labeling w’ to get the ordered pair (w’,
A-code(P,w)).



4 5
24 1 — 44 A

3¢ 5 2¢ 3
(P, w) (P, w)

With the A- code (0,0,0,2,1).



The Inverse

Given the pair (w’, (ay, a2, . . ., a,)) we can reconstruct the
corresponding labeling with that A-code, w, from w’ using the
following steps.

@ Start with i =1.

@ Consider the vertex x; and let A ={w’'(x)|x <p Xx;}. Find the
a; + 1%t largest label in A and call it w;.

@ Relabel the vertex x; with w/ and the rest of the vertices
below x; with the labels in A\{w/} preserving the order from
the original labeling.

@ Call this new labeling w’.
@ Repeat this process for i =2,3,...,n.
The final labeling will be the labeling w with the given A-code.



4 5
24 1 — 44 A

3¢ 5 2¢ 3
(P, w) (P, w)

With the A- code (0,0,0,2,1).



Inversions and Bottom-to-Top Maxima

This bijection gives the generating function that encodes the
positions of the bottom-to-top maxima.

Corollary (G, Poznanovic¢)

Let P be a forest of size k, then

n

S ogven T b= JJnd—1+1).

I By
weW(P) i€Bt-max (P,w) =1 "X 4




Inversions and Bottom-to-Top Maxima

Theorem (G, Poznanovic¢)

Let P be a tree of size n with labeling w and only one leaf. Let
o= w(x))w(Xz)--- w(X,). Then Bt-max (P, w) = Rl-min (¢~ ),
andinv (P, w) =inv (o).

Therefore the previous Corollary generalizes the following result
for permutations.

n

> g I t=]J0-1+t

cES, icRl-min (o) i=1



Sorting Index and Cycles

Theorem (G, Poznanovic)

Let P be a forest of size n and let W(P) be the set of all labelings
of P. Then

Z geor (Pw) gove (Pw) n! H([hx] —141).
weEW(P) [ep b xepP




Outline for Proof by Induction

Let P be a forest with trees Ty, T, ..., T, for kK > 1, and let m; be
the size of T;. Then

Z qsor (P,w) feve (P,w)

weW(P)

is equal to

k

| | E sor (P,w) scyc (P,w)
q ' ty ' .
(‘“11‘”2 ‘“k)

""" i=1 weW(T;)



Outline for Proof by Induction

Now applying the induction hypothesis yields

Z qsor (P,w) feve (P,w)

weWw (P)

is equal to

m1|m2 i U H J—1+1).

e.’. xeT



Outline for Proof by Induction

Now suppose that k=1. Let P’ be the forest obtained from
removing the root, r, from the forest P=T;. Now every labeling,
w, of P corresponds bijectively to a pair (j, w') where j = w(r),
and w' is found be restricting w to P’ and replacing the weight n
with j. Using this bijection we see

Z qsor (P,w) feve (P,w)

weW(P)

is equivalent to

Z Z qsor (P, w)+n /tcyc (P"\w + Z qsor(P’,W)tcyc(P’,W)+1

J=1 wew(P’) weW(P')



The B-code for (P, w) is a sequence (by, b, . . ., b,) where
0<b <h,—1foreachi=1,2 ..., n, and b; is the amount
contributed to the sorting index by the vertex v;.

5
24 1 — 4K 1

34 5 2/ 3
(P, w) (P, w)

B-code = (0,0,0,2,1).



Sorting Index and Cycles

Lemma (G, Poznanovic€)

If the B-code of (P, w) is (by, bo, . . ., b,) then
> . b =sor(P,w) and Cyc (P, w) = {i|b; = 0}.

\

Theorem (G, Poznanovic)

For a given forest P with size n, there is a bijection between
labelings w € W(P) and pairs (w’, (by, bo, . . ., b,)) where w’ is a
decreasing labeling in W(P) and 0 < b; < h,, — 1 for all
i=1,2,...,n.




The Bijection

Given a labeling w € W(P) to get the corresponding ordered
pair just apply the sorting algorithm and the resulting labeling is
w’. Then find the B-code to get the pair (w’,B-code(P, w)).

4 5
24 v — —  4f 1
3/ 5 3 2/ 3
(P, w) (P, w)

With the B-code (0,0,0,2,1).



The Inverse

Now given a pair (w’, (by, bo, . . ., b,)) we can recover the original
labeling w with the B-code (b, bo, . . ., br) in the following way.

@ Start with /i =1.

@ Consider the vertex x; and let B = {w’(x;)|x; <p X;}.

@ Let w/(x;) be the b; + 1°' largest element of B.

@ Interchange the labels on x; and x; and call this new
labeling w’.

@ Repeat this process for i = 2,3, ..., n. The final labeling is
w.



4 5
24 1% — — 44 A

3¢ 5 3¢ 2
(P, w) (P, w)

With B-code (0,0,0,2,1).



Sorting Index and Cycles

This bijection gives a generating function that encodes the

elements of Cyc.
Corollary (G, Poznanovic¢)

Let P be a forest of size n, then

Z qsor (P,w) H 5=

weW (P) ieCyc (P,w)

H7:1 hXi =1

L (T )




Sorting Index and Cycles

Theorem (G, Poznanovic)

Let P be a tree of size n with only one leaf, and a labeling w. Let
o= w(x)w(x2) - - w(x,), thensor (P, w) = sor (o ') and
Cyc (P, w) = Cyc (o).

Therefore the previous Corollary generalizes the result for
permutations.

qum H t,—H ([ —=1+1)

oES) ieCyc (o



Signed Labeled Forests

A signed labelingisamap w: P — {—n,—n+1,..., ni\{0} such
that if i € w(P) then —i ¢ w(P). Note that —i is denoted with /.




Signed Labeled Forests

Theorem (G, Poznanovic¢)

n

Z qmvB (P.w) H t = nL'h H([th’] —1+1t)

weWg(P ieBt-maxg (P,w) Hi:1 Xi j=1

n

y qsorBPm I t,.:HnLhH([zhx,]—Htf)
=1 "% iy

weWpg(P ieCycg (P,w)




Major Index and Cyclic Bottom-to-Top
Maxima

Definition

For a labeled forest P, with labeling w

Des (P, w) ={u € Plw(u) > w(v), v is the parent of u}
maj (P, w) = ZueDes(P,w) hy.

Definition

In a forest P of size n and labeling w a vertex is a cyclic
bottom-to-top maximum if its label is a bottom-to-top maximum
with respect to the cyclic ordering of the integers from 1 to n
beginning with the label of its parent. Let Cbt-max denote the
set of such vertices, and cbt-max = | Cbt-max|.




maj (P,w) =7 Cbt-max (P,w) ={1,2,3}



Major Index and Cyclic Bottom-to-Top

Maxima

Theorem (G, Poznanovic¢)

Let P be a forest of size n, then

| ti:WLH([hX,]—Hn).

weW(P) ieCbt-max (P,w) =1 "% ji—q




Future Work

@ Looking at the distributions of these statistics over even
signed trees.

@ Defining a graphical sorting index.

@ Finding pairs and generating functions for the graphical
major index, inversions, and sorting index.
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