The Regular Language of Simple Permutations

Ruth Hoffmann
University of St Andrews, School of Computer Science
Permutation Patterns 2014

East Tennessee State University

7th July 2014

University of
St Andrews

o = = E A
The Regular Language of Simple Permutations



Introduction

» Classical permutation pattern involvement
» Regular Languages

» Simple Permutations
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Regular Languages

» An alphabet X is a finite set of letters. A word is a finite
sequence of letters from X. X*, the set of all words over . A
language is a subset of X*.

» Regular expressions (RE) are defined as:

» ¢is RE
> All letters are RE
» If Ry, Ry are RE then so are RiR», Ry UR» and Ry.

A regular language is defined by a regular expression.
A finite state automaton (FSA) is a 5-tuple (X, S, 4, qo, F).
A regular language is accepted by a FSA.
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Rank Encoding

The rank encoding of a permutation 7 = (1) ...7(n) is the
sequence E(m) = p1...pn where for all i € {1,...,n}

pi={x:xe{n(i),n(i+1),...,7(n)},x <m(i)}.

[AAR03, ALT97]
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Rank Encoding
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Rank Encoding
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Rank Encoding
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Rank Encoding
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Regular Class

In [AARO3] Albert, Atkinson and Ruskuc found that E(S) is a
regular language, k € N.
Any subclass of € is also regular under the rank encoding, and is

called a regular class.
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Simplicity

An interval in a permutation is a set of contiguous values, where
their set of indices is consecutive.

A permutation 7, |7| = n € N is called simple if it only contains
intervals of length 1 and n. [Bril0]
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Block-Decomposition

A block-decomposition of a permutation o is 7[aq, . .., ],
where || = m and ag, ..., oy, non-empty.

4537216 = 3251412, 1,1, 21, 1]
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Block-Decomposition

Let o be a permutation of finite length greater than 1. There is a
unique simple finite permutation 7, with |7| > 1 and a sequence

ai,...,q, of non-empty permutations such that
o=mlag,...,ap].
If 7 =£ 12,21 then a3, ..., a, are also uniquely determined by o. If

m =12 or 21, then a1, ap are unique so long as we require that a3
is plus-indecomposable or minus-indecomposable respectively.
[AA05]
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Languages of block-decomposed permutations

Theorem ([HL13])

Let C C Qy be a regular pattern class. The following languages are
all regular languages:

1. The rank encodings of all plus-(in)decomposable permutations
inC;

2. the rank encodings of all minus-(in)decomposable
permutations in C;

Theorem

Let C C Qy be any regular class. Then the set D,(C) C C of
m-decomposable permutations of C, for any simple w, with |r| > 2,
is also regular under the rank encoding.
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Gaps in Permutations

The gap sizes at the end of a prefix of a permutation, is a list of
available spaces in the plot of the permutation, between
unavailable blocks, read from bottom up.

The part 9385 ends with the gap sizes (2,1, 2).
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Language of simple permutations

encoding.

The set of all simple permutations of Q is regular under the rank

o = - = DA
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Language of all non-simple permutations of

E(NSK) = E(Q)N

(U P, O E(Qus)™ U U E(Qu—j)" U
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Pr and @, are based on the gap automaton, only differing in the
accept states.
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E(NSy) is the regular language of non-simple rank encoded
permutations.
So then the set of simple permutations Sy C Q

Sk = Qk \NSk
E(Sk) = E(Qu \ NSk) = E(Q) \ E(NSk) = E(Qu) N E(NSK)©

g.e.d.
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GAP Implementation [GAP14]

All these automata constructs and more functions are in
PatternClass for GAP. [ALH12] The package can be found on

http://ruthh.host.cs.st-andrews.ac.uk/pkg.html
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