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I Dokos et al. conjecture (2012) that all
inv-Wilf-equivalences are trivial (one permutation can
be obtained from the other by reflection through either
diagonal or by 180-degree rotation).

I Verified computationally in the same paper for all
permutation pairs π, π′ of length ≤ 5: Sufficient to
show In(π, q) 6= In(π′, q) for a single value of n. (In this
case, n = 8 suffices.)

I What about permutation pairs of length 6?
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It turns out that (231564) and (312564) form a nontrivial
inv-Wilf-equivalent pair!

(231564) (312564)

(231)⊕ (231) (312)⊕ (231)

In fact, for every permutation γ, the pair of permutations
(231)⊕ γ and (312)⊕ γ is inv-Wilf-equivalent!
This results in an infinite number of pairs of nontrivial
inv-Wilf-equivalent permutations.
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I Let’s take (2317456) = (231)⊕ (4123) as an example.
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In fact, |SY (123)| = |SY (321)| for all Young diagrams Y .
(123) and (321) are shape-Wilf-equivalent.
Shape-Wilf-equivalence implies Wilf-equivalence.
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I Stankova, West (2002): (231) and (312) are
shape-Wilf-equivalent.

I Backelin, West, Xin (2007): (123 . . . n) and (n . . . 321)
are shape-Wilf-equivalent for all n ≥ 2.

I Backelin, West, Xin (2007): If α and β are
shape-Wilf-equivalent, then so are α⊕ γ and β ⊕ γ for
all permutations γ.

So (231)⊕ γ and (312)⊕ γ are shape-Wilf-equivalent for all
permutations γ.
How do we show that they are inv-Wilf-equivalent?
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Combine shape-Wilf-equivalence and inv-Wilf-equivalence to
define shape-inv-Wilf-equivalence: For each Young
diagram Y , the sets of transversals in Y avoiding each of
the two permutations have the same distribution according
to inversion number.

To show that (231)⊕ γ and (312)⊕ γ are inv-Wilf-equivalent
for all permutations γ, we just need the following.
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I Prove that if α and β are shape-inv-Wilf-equivalent,
then so are α⊕ γ and β ⊕ γ.

I Prove that (231) and (312) are
shape-inv-Wilf-equivalent.
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I Prove that if α and β are shape-inv-Wilf-equivalent,
then so are α⊕ γ and β ⊕ γ.

I Extend Backelin-West-Xin result on
shape-Wilf-equivalence of α⊕ γ and β ⊕ γ.

I Prove that (231) and (312) are
shape-inv-Wilf-equivalent.

I Extend Stankova-West result on shape-Wilf-equivalence
of (231) and (312).

I I (Y ): inv-polynomial (generating function) for
transversals in Young diagram Y that avoid (231).

I A functional relation called row decomposition
(expressing I (Y ) in terms of “smaller” I (Z )).

I The “reflection” of row decomposition called column
decomposition (prove by induction).

I Together, these show that (231) and (312) are
shape-inv-Wilf-equivalent.
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We now define even-Wilf-equivalence, introduced by Baxter
and Jaggard in 2011.
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and only if its inversion number is even.)
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An(π): Set of even permutations of length n that avoid π.

|A4(231)| = |A4(312)| = 7, and similarly
|An(231)| = |An(312)| for all n.
(231) and (312) are even-Wilf-equivalent.
Inv-Wilf-equivalence implies even-Wilf-equivalence.
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I Baxter and Jaggard determined all pairs of permutations
of length 4 or less which are even-Wilf-equivalent.

I They also determined which pairs of length 6 are
even-Wilf-equivalent, except for the pairs
(231564), (312564) and (465132), (465213)
(conjectured both are).

I Proving these even-Wilf-equivalences would complete
the classification for length 6.



An infinite family
of

inv-Wilf-equivalent
permutation pairs

Justin Chan

Pattern avoidance
in permutations

New result

Shape-Wilf-
equivalence

Shape-inv-Wilf-
equivalence

Even-Wilf-
equivalence

I Baxter and Jaggard determined all pairs of permutations
of length 4 or less which are even-Wilf-equivalent.

I They also determined which pairs of length 6 are
even-Wilf-equivalent, except for the pairs
(231564), (312564) and (465132), (465213)
(conjectured both are).

I Proving these even-Wilf-equivalences would complete
the classification for length 6.



An infinite family
of

inv-Wilf-equivalent
permutation pairs

Justin Chan

Pattern avoidance
in permutations

New result

Shape-Wilf-
equivalence

Shape-inv-Wilf-
equivalence

Even-Wilf-
equivalence

I Baxter and Jaggard determined all pairs of permutations
of length 4 or less which are even-Wilf-equivalent.

I They also determined which pairs of length 6 are
even-Wilf-equivalent, except for the pairs
(231564), (312564) and (465132), (465213)
(conjectured both are).

I Proving these even-Wilf-equivalences would complete
the classification for length 6.



An infinite family
of

inv-Wilf-equivalent
permutation pairs

Justin Chan

Pattern avoidance
in permutations

New result

Shape-Wilf-
equivalence

Shape-inv-Wilf-
equivalence

Even-Wilf-
equivalence

shape-inv-Wilf-equivalent

inv-Wilf-equivalent

shape-Wilf-equivalent

Wilf-equivalenteven-Wilf-equivalent

(231), (312)

?
Baxter, Jaggard (2011)

-

?

HHHj

HHHj ?
����



An infinite family
of

inv-Wilf-equivalent
permutation pairs

Justin Chan

Pattern avoidance
in permutations

New result

Shape-Wilf-
equivalence

Shape-inv-Wilf-
equivalence

Even-Wilf-
equivalence

shape-inv-Wilf-equivalent

inv-Wilf-equivalent

shape-Wilf-equivalent

Wilf-equivalenteven-Wilf-equivalent

(231), (312)

(231564), (312564)?
(465132), (465213)?

Baxter, Jaggard (2011)

?
Baxter, Jaggard (2011)

-

?

HHHj

HHHj ?
����



An infinite family
of

inv-Wilf-equivalent
permutation pairs

Justin Chan

Pattern avoidance
in permutations

New result

Shape-Wilf-
equivalence

Shape-inv-Wilf-
equivalence

Even-Wilf-
equivalence

AY (π): Set of transversals with even inversion number in
Young diagram Y that avoid π.

Y |AY (213)| |AY (321)|
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In fact, |AY (213)| = |AY (321)| for all Young diagrams Y .
(213) and (321) are even-shape-Wilf-equivalent.
Even-shape-Wilf-equivalence implies even-Wilf-equivalence.
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