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A self-avoiding walk (SAW) is a sequence of moves on a lattice not visiting the same
point more than once.

Problem
What is the number of SAWs from 0, 0 to n − 1,n − 1 in an n  n grid, taking steps

from ↑, ↓,←,→?
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and he did not believe that he would ever in his lifetime know the exact answer to this
problem in 1975.

Is Knuth’s claim true?



A self-avoiding walk (SAW) is a sequence of moves on a lattice not visiting the same
point more than once.

Problem
What is the number of SAWs from 0, 0 to n − 1,n − 1 in an n  n grid, taking steps

from ↑, ↓,←,→?
Donald Knuth claimed that the number is between 1. 3  1024 and 1. 6  1024 for n  11

and he did not believe that he would ever in his lifetime know the exact answer to this
problem in 1975.

Is Knuth’s claim true?
Richard Schroeppel pointed out that the exact value is
1568758030464750013214100
 22325231  115 422 379  487 148 912 401
 1. 568 8  1024

It is still an unsolved problem for n  25.



Problem
What is the number fn of n-step SAWs, on the square lattice, taking steps from

↑, ↓,←,→?



Problem
What is the number fn of n-step SAWs, on the square lattice, taking steps from

↑, ↓,←,→?
2n ≤ fn ≤ 4  3n−1

fm  n ≤ fmfn

There exists a constant C such that
limn→ fn1/n  C.

C  2. 64 (up to 71 steps have been counted).
C  2. 638 (up to 91 steps have been counted).

fn ≈ 2. 638n

The number of SAWs/ the number of total walks:
1

1200 for n  20

1
2. 4  108 for n  50



Prudent self-avoiding walks:
A PSAW is a proper subset of SAW on the square lattice. The

walk starts at 0,0, and the empty walk is a PSAW. A PSAW
grows by adding a step to the end point of a PSAW such that the
extension of this step - by any distance - never intersects the
walk. Hence the name prudent. The walk is so careful to be
self-avoiding that it refuses to take a single step in any direction
where it can see - no matter how far away - an occupied vertex.

A.J. Guttmann, E. Duchi, P. Préa, T.M. Garoni, I. Jensen and
J.C. Dethridge.



Prudent Self-Avoiding Walks

A PSAW is a proper subset of SAWs on the square lattice. The walk starts
at 0, 0, and the empty walk is a PSAW. A PSAW grows by adding a step to
the end point of a PSAW such that the extension of this step - by any distance
- never intersects the walk. The walk is so careful to be self-avoiding that it
refuses to take a single step in any direction where it can see - no matter how
far away - an occupied vertex.



Properties of a PSAW

Unlike SAW, PSAW are usually not reversible.

Each PSAW possesses a minimum bounding rectangle, which we call box.

The endpoint of a prudent walk is always a point on the boundary of the box.

Each new step either inflates the box or walks (prudently) along the border.

After an inflating step, there are 3 possibilities for a walk to go on.
Otherwise, only 2.



In a one-sided PSAW, the endpoint lies always on the top side of the box.
The walk is partially directed.

A prudent walk is two-sided if its endpoint lies always on the top side, or on
the right side of the box.



One-sided PSAWs

What is the number (say fn ) of one-sided n-step prudent walks, taking
steps from  ↑,←,→?

The generating function equals

∑
n≥0

fntn  1  t
1 − 2t − t2  1  3t  7t2  17t3  41t4  99t5  239t6 . . .

Also,
fn  2fn − 1  fn − 2

 1 − 2 n  1  2 n

2

 1 0 ∑
k0

n1
n  1

k
0 1
2 0

k
1
0

.

We obtain sequence A001333 of the On-Line Encyclopedia of Integer
Sequences.



What is the number of the one-sided n-step prudent walks, avoiding k or
more consecutive east steps, →≥k ?

The generating function equals
1  t − tk

1 − 2t − t2  tk1

If k  2, we obtain sequence A006356 , counting the number of paths for a
ray of light that enters two layers of glass and then is reflected exactly n times
before leaving the layers of glass.

If k  3, we obtain sequence A033303 .



What is the number of one-sided n-step prudent walks in the first quadrant,
starting from 0, 0 and ending on the y-axis, taking steps from ↑,←,→?

The generating function is
1

2t3 1  t1 − t2 − 1 − t41 − 2t − t2 .



What is the number of one-sided n-step prudent walks exactly avoiding
←k , taking steps from ↑,←,→?

The generating function equals
1  t − tk  tk1

1 − 2t − t2  tk1 − tk2 .

If k  1, we obtain sequence A078061 .



What is the number of one-sided n-step prudent walks exactly avoiding ←k

and ↑k (both at the same time)?
The generating function is

1  t − 2tk  2tk1

1 − 2t − t2  2tk1 − 2tk2 .

For k  1,
fn  2n2 − −1n/2  2−1n1/2 /5,

also,
fn  2fn − 1 − fn − 2  2fn − 3

with f1  1, f2  3, f3  7.

This is sequence A007909 .



Two-sided PSAWs

What is the number of two-sided, n-step prudent walks ending on the top
side of their box avoiding both patterns ←≥2 , ↓≥2 (both at the same time),
taking steps from ↑, ↓,←,→?



Two-sided PSAWs

What is the number of two-sided, n-step prudent walks ending on the top
side of their box avoiding both patterns ←≥2 , ↓≥2 (both at the same time),
taking steps from ↑, ↓,←,→?

Theorem The generating function (say Tt,u ) of the above two-sided
prudent walks ending on the top side of their box satisfies

1 − t2u − tu
u − t Tt,u  1  tu  Tt, tt u − 2t

u − t ,  

where u counts the distance between the endpoint and the north-east (NE)
corner of the box.



A walk takes 5 steps, and the distance between the endpoint and the
north-east corner is 3. So we can use t5u3 to count this walk.



Solve this generating function for Tt,u using the Kernel Method:

From

1 − t2u − tu
u − t Tt,u  1  tu  Tt, t t − t2

u − t ,

we can get
1 − tuu − tu − t − t2u2  t3uTt,u
 u − t1 − tu1  tu − Tt, t1 − tut2t − u

Set 1 − tuu − tu − t − t2u2  t3u  0, then there is only one power series
solution for u

u  1
2t2 1 − t  t3 − 1 − t − t32 − 4t4 .



Set
1  tuu − t1 − tu  Tt, t1 − tutu − 2t  0,

and replace u by U:

Tt, t  1  tU t − U
tU − 2t .

From
1 − tuu − t − tu − t2u2  t3uTt,u
 u − t1 − tu1  tu − Tt, t1 − tut2t − u

get

Tt,u  t − u1 − tu1  tu  Tt, t1 − tut2t − u
1 − tuu − t − tu − t2u2  t3u

.



Replace Tt, t by Tt, t  1  tU t−U
tU−2t .

Tt,u  1  tuu − t
u − t − tu − t2u2  t3u

− 1  tUU − t1 − tuu − 2t
U − 2t1 − tuu − t − tu − t2u2  t3u



Notice that Tt, 1 is the generating function of the number of two-sided n-step
prudent walks ending on the top side of their box avoiding both patterns ←≥2 ,
↓≥2 , taking steps from ↑, ↓,←,→, thus Tt,1 

1 − 2t1 − t 1 − t − t3 2 − 4t4 − 1  t1 − 7t  14t2 − 11t3  10t4 − 4t5

2t1 − 2t − t2  t31 − 2t − 2t3

 1  3t  6t2  15t3  35t4  83t5  195t6  460t7  1085t8 . . .



Note that Tt, 0 is the generating function of the number of two-sided n-step
prudent walks ending at the north-east corner of their box avoiding both
patterns ←≥2 , ↓≥2 , taking steps from ↑,↓,←,→, so Tt, 0 

1 − t 1 − t − t32 − 4t4 − 1  3t − t2  t3  t4

1 − 2t − 2t3t
 1  2t  4t2  10t3  24t4  56t5  130t6  304t7  714t8  1678t9 . . .



Furthermore, 2Tt, 1 − Tt,0 is the generating function of the number of
two-sided n-step prudent walks ending on the top side or right side of their box
avoiding both patterns ←≥2 , ↓≥2 , taking steps from ↑,↓,←,→, thus
2Tt, 1 − Tt,0 

t1 − t2 1 − t − t32 − 4t4  1 − t − 2t2 − 2t3 − 2t4  4t5 − t6

1 − 2t − t2  t31 − 2t − 2t3

 1  4t  8t2  20t3  46t4  110t5  260t6  616t7  1456t8  3442t9 . . .



Open Problem 1
What is the number of two-sided n-step prudent walks, ending on

the top side of their box, avoiding both ←≥k , and ↓≥t ( k ≠ t) taking
steps from ↑, ↓,←,→?

Open Problem 2
What is the number of two-sided n-step prudent walks, ending on

the top side of their box, exactly avoiding both ←k , ↓t ( k, t ≥ 3,
taking steps from ↑, ↓,←,→?



Let fm, n be the number of paths from 0,0 to n, n avoiding ↑≥k and
≥k ,taking steps from {↑,}. Then

fm,n  fm − 1, n  fm,n − 1 − fm − k, n − 1 − fm − 1,n − k  fm − k, n − k.

For k  3, using finite operator calculus:

1 − t2 1  t  t21 − 3t  t2  − 1 − 3t  t21  t2

t21 − 3t  t2

 2t  6t2  14t3  34t4  84t5  208t6  518t7  ... .

This solved a conjecture of R. Stephan



Markoff equation x²+y²+z²=3xyz 

Positive integer solutions:
1,  1,  1
2,  1,  1
5,  2,  1
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Positive integer solutions:
1, 1, 1
2, 1, 1
5, 2, 1

x²+y²+z²=xyz
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Markoff equation x²+y²+z²=3xyz 

Positive integer solutions:
1, 1, 1
2, 1, 1
5, 2, 1

x²+y²+z²=xyz
3, 3, 3
6, 3, 3
15, 6, 3

Does x²+y²+z²=2xyz have positive integer solution?



x₁²+x₂²+...+xn² = kx₁x₂...xn (1)

k positive integer
n≥3  
Positive integer solutions
Markoff-Hurwitz equation
generalized Markoff equation.
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k positive integer
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generalized Markoff equation.

When does equation (1) have solution?



x₁²+x₂²+...+xn² = kx₁x₂...xn (1)

k positive integer
n≥3  
Positive integer solutions
Markoff-Hurwitz equation
generalized Markoff equation.

When does equation (1) have solution?

n=k, x₁=x₂=...=xn=1



If x₁, x₂,..., xn is a solution to equation (1), then
x₁, x₂,..., xi-1, kx₁x₂...xi-1xi+1…xn - xi, xi+1,…, xn
is also a solution (for each 1≤i≤n ).

x²+y²+z²=3xyz 
1, 1, 1
2, 1, 1



Equation (1) does not have solutions when k>n for n≥2.
A. Hurwitz 1907, S.Gao 2005

The American Mathematical Monthly, Vol. 117, No. 6 (June‐July 
2010):







We call a solution x₁, x₂. ..., xn of (1) an ordered solution if 
x₁≥x₂≥...≥xn.

Let xi’ = kx₁x₂...xi-1xi+1…xn - xi., we know if x₁, x₂, ..., xi,…, 
xn form a solution of (1) then x₁, x₂, ..., xi’,,…, xn also form a 
solution. We say the new solution comes from the original 
solution on index i. 



We call a solution x₁, x₂. ..., xn of (1) an ordered solution if 
x₁≥x₂≥...≥xn.

Let xi’ = kx₁x₂...xi-1xi+1…xn - xi., we know if x₁, x₂, ..., xi,…, 
xn form a solution of (1) then x₁, x₂, ..., xi’,,…, xn also form a 
solution. We say the new solution comes from the original 
solution on index i. 

Lemma 1.  Let X: x₁, x₂, ..., xi,…, xn be an ordered solution 
and i ≥ 2. Then 
xi’ = kx₁x₂...xi-1xi+1…xn - xi > x₁.



Definition Let X: x₁, x₂, ..., xi,…, xn and Y; y₁, y₂, ..., yi,…, yn
be two ordered solutions of (1). We define X < Y (X comes 
before Y in lexical order) iff there exists i such that 1 ≤ i ≤ n 
and xj = yj for 1 ≤ j < i and xi < yi. We say X is the minimum 
solution if X < Y for any other solution Y of (1).



If equation (1) has one solution then it has infinitely many 
solutions.

It is very tough to find a solution to equation (1) for some n 
and k.



Algorithm 1 Systematic Search for Solutions
// Check all possible ordered solutions with each 
// component 1 ≤ x[i] ≤ Limit
// The average time complexity is about O (Limit2),  since 
the cut-offs usually occur at early stages when i = 2 or 3

We implemented the Algorithm 1 and ran on a half dozen
PCs of Intel Core i7-2600K Quad-Core Processor 3.4 Ghz
or equivalent for n = 3, 4,…, 9 and k = 1, 2,…, n. The Limit
was set to 1,000,000. Each (n, k) case used a single thread.
A PC ran up to 8 cases simultaneously. The timing data in
hours have been converted to that of Intel Core i7-2600K
3.4 Ghz for comparison. We summarized the results for n =
3, 4, …, 9.





There are no solutions with all xi ≤ 1,000,000 for (n, k) cases:  
(3, 2), (4, 2), (4, 3), (5, 2), (5, 3), (6, 1), (6, 2), (6, 4), (6, 5), 
(7, 4), (7, 6), (8, 2), (8, 3), (8, 4), (8, 5), (8, 6), (8, 7), (9, 1), 
(9, 2), (9, 3), (9, 4), (9, 5), (9, 7), (9, 8).



Algorithm 2 Generating Solutions
We use Algorithm 1 to find the minimum solution M (within
the limit). If the minimum solution is found, we use
Algorithm 2

The time complexity of Algorithm 2 is O(s2) where s is the
number of ordered solutions within the limit when case (n, k)
has solutions, the same as Algorithm 1 when there is no
solutions. Algorithm 2 is several order of magnitude faster
than Algorithm1 when solutions exist. When we used
1,000,000 as the value limit, this algorithm took just a small
fraction of a second to solve equation (1) (if there is a
solution) when Algorithm 1 had taken days.



We have proved mathematically that solutions to equation 
(1) do not exist for (n, k) = (3, 2), (4, 2), (4, 3), (5, 2), (5, 3) 
after the computer couldn’t find any solutions limited to 
1,000,000.

Does x²+y²+z²=2xyz have positive integer solution?



Given n & k, the leading term of the ordered solutions of
equation (1) in non-decreasing order form an integer sequence if
the solutions exist. So far we have not found same leading term
from two different ordered solutions for a given (n, k).



n=3 and k=3
Solutions:
1, 1, 1,
2, 1, 1,
5, 2, 1,
13, 5, 1,
29, 5, 2,
34, 13, 1,
Sequence for n=3 and k=3: 
1,2,5,13,29,34,89,169,194,233,433,610,985,...
The number of distinct prime divisors of any of the first 93 terms
is less than 6. The second, third, 4th, 5th, 6th, 10th, 11th, 15th,
16th, 18th, 20th, 24th, 25th, 27th, 30th, 36th, 38th, 45th, 48th,
49th, 69th, 79th, 81th, 86th, 91th terms are primes.

The Online Encyclopedia of Integer Sequences  http://oeis.org



Conjecture 1
Given (n, k), any ordered solution S of equation (1) can be
generated from the minimum ordered solution M using the
component replacement method in a finite number of steps.



Conjecture 2
If x₁, x₂. ..., xn and x₁’, x₂’. ..., xn’ are two different ordered
solutions of (1) then x₁ !ൌ x₁’.



Conjecture	3
For	ሺn,	kሻ	ൌ	ሺ6,	1ሻ,	ሺ6,	2ሻ,	ሺ6,	4ሻ,	ሺ6,	5ሻ,	ሺ7,	4ሻ,	ሺ7,	6ሻ,	ሺ8,	2ሻ,	
ሺ8,	3ሻ,…,ሺ8,	7ሻ,	ሺ9,	1ሻ,…,ሺ9,	5ሻ,	ሺ9,	7ሻ,	ሺ9,	8ሻ,	equation	ሺ1ሻ	
has	no	solutions



Conjecture 4
The minimum solution of (1) consists of at least a 1 for n ≥ 5.

Conjecture 4 is true for all the minimum solutions that 
we have found for 5 ≤ n ≤ 20.



Conjecture 5
The leading term in the minimum ordered solution of (1) is not 
greater than n for n ≥ 3.

The maximum leading term among all the minimum solutions 
of (1) that we have obtained is 5 for 3 ≤ n ≤ 20.



Conjecture:
Let p ≠ 5 be a prime, then
2, 4, 6, . . ,p − 3 ⊂  p−1

a1

a1−1
a2

a2
a3

a3
a4

. . . an−1
an modp : ai is a positive

integer, p − 1 ≥ a1, a1 − 1  a2  a3  a4 . . . an.

We can prove that this conjecture is true for p  1030.
We can verify this conjecture is true for some small p, for instance p  107.



Thank you for attending!

Thanks Dr. Godbole
for organizing this 

wonderful conference.


