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Let P = {1, 2, . . .} denote the set of positive integers and let

[k] = {1, . . . , k} for any k ∈ P. Let P
∗ ([k]∗) denote the set of all

words over the alphabet P ([k]). We let ǫ denote the empty word

and P
+ = P

∗ − {ǫ} and [k]+ = [k]∗ − {ǫ}.

Given a word w = w1 . . . wn ∈ P
n, we let |w| denote the length of

w, zw = zw1 . . . zwn
, and

Des(w) = {i : wi > wi+1} Rise(w) = {i : wi < wi+1}

WDes(w) = {i : wi ≥ wi+1} WRise(w) = {i : wi ≤ wi+1}

des(w) = |Des(w)| ris(w) = |Rise(w)|

wdes(w) = |WDes(w)| wris(w) = |WRise(w)|

Lev(w) = {i : wi = wi+1} lev(w) = |Lev(w)|

For any i, j ∈ P, we let ij(w) equal the number of factors of the

form ij in w.
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Given a word u ∈ P
+, we let red(u) be the word that results by

replacing each occurrence of the i-th smallest letter in u by i. For

example, red(2456582) = 1234351.

If u = u1 . . . uj ∈ P
j and w = w1 . . . wn ∈ P

n. Then

1. u occurs in w if there exists 1 ≤ i1 < · · · < ij ≤ n such that

red(wi1wi2 . . . wij
) = u.

2. w avoids u is u does not occur in w.

3. w has a u-match starting at position i if

red(wiwi+1 . . . wi+j−1) = u.

We let umch(w) equal the number of u matches in w.
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1. u exactly occurs in w if there exists 1 ≤ i1 < · · · < ij ≤ n

such that wi1wi2 . . . wij
= u.

2. w exactly avoids u is u does not exactly occur in w.

3. w has a exact u-match starting at position i if

wiwi+1 . . . wi+j−1 = u.

We let eumch(w) equal the number of u matches in w.
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Let z = (z1, z2, . . .) and u ∈ [k]∗ such that red(u) = u. Let

NP

n,u(x, z) =
∑

w∈Pn,umch(w)=0

xdes(w)+1zw and

N [k]
n,u(x, z) =

∑

w∈[k]n,umch(w)=0

xdes(w)+1zw

and

N P

u (x, z, t) = 1 +
∑

w∈P+,umch(w)=0

xdes(w)+1zw

= 1 +
∑

n≥1

NP

n,u(x, z)tn.

N
[k]
u (x, z, t) is defined similarly.

Goal. Find an explicit formula for N P

u (x, z, t) and N
[k]
u (x, z, t) in

the case where des(u) ≤ 1.
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Let u ∈ [k]∗ and

ENP

n,u(x, z) =
∑

w∈Pn,eumch(w)=0

xdes(w)+1zw and

EN [k]
n,u(x, z) =

∑

w∈[k]n,eumch(w)=0

xdes(w)+1zw

and

EN P

u(x, z, t) = 1 +
∑

w∈P+,eumch(w)=0

xdes(w)+1zw

= 1 +
∑

n≥1

NP

n,u(x, z)tn.

EN [k]
u (x, z, t) is defined similarly.
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Elementary & homogeneous symmetric functions

The nth elementary symmetric function en is defined by

E(t) =
∑

n≥0

entn :=
∏

i

(1 + xit).

The nth homogeneous symmetric function hn is defined by

H(t) =
∑

n≥0

hntn :=
∏

i

1

1 − xit
.

The nth power symmetric function pn is defined by

pn =
∑

i

xn
i .

If λ = (λ1, . . . , λℓ) is a partition, then

hλ =
∏k

i=1 hλi
, eλ =

∏k

i=1 eλi
, and pλ =

∏k

i=1 pλi
,
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Let Λ denote is ring of symmetric functions over infinitely many

variables x1, x2, . . .. It well known that {eλ : λ a partition} is a

basis for the ring of symmetric functions Λ. Thus e0, e1, . . . is an

algebraically independent set of generators for Λ.

Thus to define a ring homomorphism θ : Λ → R into some ring R,

we need only define θ(en) for n ≥ 0.
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Let Bλ,n be the number of brick tabloids of shape (n) and type λ:

Theorem 1. ( Eğecioğlu-Remmel 1991)

hn =
∑

λ⊢n

(−1)n−ℓ(λ)Bλ,neλ.
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A link from Λ to enumeration problems in words

Assume that

N P

u (x, z, t) = 1 +
∑

n≥1

NP

n,u(x, z)tn =
1

1 +
∑

n≥1 Un,u(x, z)tn
.

Then

1 +
∑

n≥1

Un,u(x, z)tn =
1

1 +
∑

n≥1 NP
n,u(x, z)tn

(1)
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Define a ring homomorphism θ : Λ → Q[x] by θ(e0) = 1 and

θ(en) = (−1)nNP

n,u(x, z) for n ≥ 1.

Then

θ(H(t)) = 1 +
∑

n≥1

θ(hn)

= θ(1/E(−t)) =
1

1 +
∑

n≥1 θ(en)(−t)n

=
1

1 +
∑

n≥1 NP
n,u(x, z)tn

= 1 +
∑

n≥1

Un,u(x, z)tn.

Therefore

θ(hn) = Un,u(x, z).
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θ(hn) =
∑

λ⊢n

(−1)n−ℓ(λ)Bλ,nθ(eλ)

=
∑

λ⊢n

(−1)n−ℓ(λ)Bλ,n

ℓ(λ)
∏

i=1

(−1)λiNP

λi,u
(x, z)

=
∑

λ⊢n

(−1)ℓ(λ)
∑

(b1,...,bℓ(λ))∈Bλ,n

ℓ(λ)
∏

i=1

NP

bi,u
(x, z).
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We have

θ(hn) =
∑

λ⊢n

∑

(b1,...,bℓ(λ))∈Bλ,n

(−1)ℓ(λ)

ℓ(λ)
∏

i=1

NP

bi,u
(x, z)

from which we create the following objects:
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Let u = 2212.

We have

θ(hn) =
∑

λ⊢n

∑

(b1,...,bℓ(λ))∈Bλ,n

(−1)ℓ(λ)

ℓ(λ)
∏

i=1

NP

bi,u
(x, z)
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θ(hn) =
∑

λ⊢n

∑

(b1,...,bℓ(λ))∈Bλ,n

(−1)ℓ(λ)

ℓ(λ)
∏

i=1

NP

bi,u
(x, z)

1 2 4 35 2 332 1 1 4 5 4 3 3 2 2

u = 2211

x x x xxxx xx
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θ(hn) =
∑

λ⊢n

∑

(b1,...,bℓ(λ))∈Bλ,n

(−1)ℓ(λ)

ℓ(λ)
∏

i=1

NP

bi,u
(x, z)

1 2 4 35 2 332 1 1 4 5 4 3 3 2 2

u = 2211

x xxx −x −x −x −x −x
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Thus θ(hn) is the set of triples (B, w, L) such that

1. B = (b1, . . . , bk) is a brick tabloid of length n,

2. w = w1 . . . wn ∈ P
n is a word such that with in each brick bi,

there are no u-matches, and

3. L : {1, . . . , n} → {1, x,−x} is a labeling such that

L(i) = x if wi > wi+1 and wi and wi+1 lie in the same brick,

L(i) = −x is i is last cell of some brick bj , and

L(i) = 1, otherwise.

Let Fn denote the set of all triples (B, w, L) satisifying (1)-(3).

Define the weight of (B, w, L) by wt(B, w, L) = zw

n
∏

i=1

L(i).

Then

θ(hn) =
∑

(B,w,L)∈Fn

wt(B, w, L).
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Next we define an involution In : Fn → Fn such that

(i) If In(B, w, L) = (B′, w′, L′) 6= (B, w, L), then

wt(B, w, L) = −wt(B′, w′, L′) and

(ii) In(B, w, L) = (B, w, L), then wt(B, w, L) = xkzw for some

k ≥ 1.

Let Fix(In) denote the set of fixed points of In.

It will then follow that

θ(hn) =
∑

(B,w,L)∈Fix(In)

wt(B, w, L).
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Definition of In on (B = (b1, . . . , bl), w, L).

Look for the first cell c, reading from left to right, such that either

(i) c is labeled with x or

(ii) c is at the end of a brick bi such that i < k, wc > wc+1, and

there is no u-match in the cells of bi and bi+1.

In case (i), suppose that c is in brick bi. Then

In(B, w, L) = (b1, . . . , bi−1, b
∗, b∗∗, bi+1, . . . , bk), w, L′)

where b∗ contains the cells of bi up to an including cell c and b∗∗

contains the rest of cells and L′(i) = L(i) if i 6= c and L′(c) = −x.

In case (ii),

In((B, w, L) = (b1, . . . , bi−1, b, bi+2, . . . , bk), w, L′)

where b is the brick that results by combining bi and bi+1 into a

single brick and L′(i) = L(i) if i 6= c and L′(c) = x.
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1 2 4 35 2 332 1 1 4 5 4 3 3 2 2

x xxx −x −x −x −x −x

u = 2211

I

1 2 35 2 332 1 1 4 5 4 3 3 2 2

x xx −x −x −x −x −x

4

−x
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Claim. If des(u) = 1, then In is an involution

u = 124345

a
1

a a a a a
12 3 4 4 5

b b b b b b b
2 3 4 5 6 7

u

I

−x x−x −x

a
1

a a a a a
12 3 4 4 5

b b b b b b b
2 3 4 5 6 7

u

x x−x −x



Purmutation Patterns 2014 22

The fixed points of In.

Given (B, w, L) ∈ Fn, if B = (b1, . . . , bk) and 1 ≤ i ≤ k, we let

last(bi) be the letter in the right most cell of bi and

first(bi) be the letter in the left most cell of bi.

Then (B, w, L) ∈ Fix(In) if and only if

1. There are no x labels which implies that w is weakly increasing

within bricks.

2. For any two consecutive bricks bi and bi+1 in B either

(i) last(bi) ≤ first(bi+1) or

(ii) last(bi) > first(bi+1) and there is a u-match in the cells of bi

and bi+1 which must necessary involve last(bi) and first(bi+1).



Purmutation Patterns 2014 23

The Collapse Map

1 2 4 5 2 3 2 3 3 3 4 2

u = 2211

1 2

−x −x −x −x −x

4 3 3 35 5 2 2 3 23 2 4 4 2 2

C(B,w,L)
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Theorem 2. Let u = 2r1s where r, s ≥ 1 and r + s ≥ 3. Let

v = v1 . . . vp ∈ P
+. Then

∑

n≥p

tn
∑

(B,w,L)∈F ix(In)

C(B,w,L)=v

wt(B, w, L) =

− xzvtp



(1 − x)wris(w)
∏

i<j

x
ji(v)
ji |xji=−xtr+s−2z

s−1
i z

r−1
j



 .

Theorem 3. Let u = 2r1s where r, s ≥ 1 and r + s ≥ 3. Then

∑

n≥1

Un(x, z)tn =

− x
∑

v∈P+

zvt|v|(1 − x)wris(w)





∏

i<j

x
ji(v)
ji |xji=−xtr+s−2z

s−1
i z

r−1
j



 .
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For any word w = w1 . . . wn ∈ P
n, we let zw = zw1 . . . zwn

Theorem 4. (Fuller-Remmel)

1 +
∑

n≥1

tn
∑

w∈Pn

xdes(w)zw =
1 − x

−x +
∏

j≥1(1 − t(x − 1)zj)
(2)

Using the substitution t → ty and x → x/y and some algebra, one

finds that

∑

n≥1

tn
∑

w∈Pn

xdes(w)ywris(w)zw =
1 −

∏

j≥1(1 + t(x − y)zj)

−x + y
∏

j≥1(1 + t(x − y)zj)
. (3)
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Let

FP(x, z, t) :=
∑

w∈P∗

t|w|zw
∏

i<j

x
ji(w)
ji .

Given a set S ⊆ P, we let

XZ(S) =














−1 if S = ∅,

zj if S = {j}, and

zj1 · · · zjk

∏k−1
i=1 (xji+1ji

− 1) if S = {j1 < · · · < jk} where k ≥ 2.
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S = {1,5,7,9}

1 975

1 5 7 9 51 75
XZ(S) = z   z   z   z  (x   −1) (x   −1) (x   −1)

97

Theorem 5.

FP(x, z, t)) =
1

1 −
∑

n≥1 tn
∑

S⊆P,|S|=n XZ(S)
. (4)
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4 35 24 35 1

u = 3412   k =5

1 2

−x −x −x −x −x

4 3 3 35 2 3 2 4 2

C(B,w,L)

4 3 5 1 3 1

2 4 3 2 3 3 3 21 4 3 3

2t

3 2 1 53 4 3 1 22

02 1

1z5zx−

4 3

2t2t1zz5−x

z4 z1 t 2−x

2
z5zx−
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2 4 1 2 52 1 2

1 2

−x −x −x −x −x

3 3 35 3 4

C(B,w,L)

5 1 3 1

2 3 3 3 31 3

u = 2312   k =5

2 2 1 2 3 3

2 2 2 3 3

2t

31 1

2 2

2t2t 2t

3 3 3 4 3 5 3

2t 2t

3 4 2 3 3 5 2 3

1z4zx−

1z3zx 1z4zx− 1z5zx−

2z4zx−z4x z1 t 2−1 − x 2z5zx−

1 − x −

12 3 2

11 1 − x 
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Theorem 6.

∑

w∈P∗,des(w)=0

t|w|zw
∏

i

x
ii(w)
i = 1 +

∑

S⊆P,S 6=∅

∏

i∈S

tzi

1 − tzixi

.
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1

−x −x −x −x −x

3

C(B,w,L)

1

2 31

2 1

2 2

2t

1

2

2t2t 2t

3 3 3 5

2t 2t

3 3 2

zzx−

1zzx 1zzx− 1zzx−

zzx−zx z1 t 2−1 − x 2zzx−

1 − x −

3 4 4

3 4 4

3

5 51 1

u = 2413   k =6

4

1 2

5 5 5 5 5 6

312 2 1 2 14 5 3 6 3

5 5 5 5 5 6

4 5 6

4 4 4 45 2 6 1 6

5 6 2 6 1 6

1 − x 
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Theorem 7.

∑

w∈P∗,des(w)=0

t|w|zw
∏

i<j

y
ij(w)
ij = 1 +

∑

j≥1

zjt

1 − zjt
+

∑

S⊆P,|S|≥2

Y ZT (S).

Given a set S = {i1 < i2 < · · · < ij} ⊆ P, we let

Y ZT (S) = yi1i2yi2i3 · · · yij−1ij

j
∏

r=1

zir
t

1 − zir
t
. (5)


