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Let P = {1,2,...} denote the set of positive integers and let

k] ={1,...,k} for any k € P. Let P* ([k]*) denote the set of all

words over the alphabet P ([k]). We let € denote the empty word
and PT = P* — {e} and [k]T = [k]* — {€}.

Given a word w = wy ... w, € P", we let |w| denote the length of

w, 2Y = 2y, ... 2w, , and

Des(w) = {1 : w; > w;y1} Rise(w) = {i : w; < w;s1}
WDes(w) ={i:w; > w41} WRise(w) ={i:w; < w1}

des(w) = |Des(w)| ris(w) = |Rise(w)|
wdes(w) = |W Des(w)] wris(w) = |W Rise(w)|
Lev(w) ={i: w; = w;z1} lev(w) = |Lev(w)|

For any 7,7 € P, we let ij(w) equal the number of factors of the

form 77 in w.
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Given a word u € P, we let red(u) be the word that results by

replacing each occurrence of the i-th smallest letter in w by ¢. For
example, red(2456582) = 1234351.

Ifu:ul...quIPj and w = wy ...w, € P*. Then

1. v occurs in w if there exists 1 <3 < --- <1¢; < n such that

red(w;, wy, ... w;,;) = u.
2. w avoids u is u does not occur in w.

3. w has a u-match starting at position 7 if

red(w; W41 ... Wiyj—1) = U.

We let umch(w) equal the number of u matches in w.
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1. u exactly occurs in w if there exists 1 <143 <---<1i; <n

such that w;, w;, ... w;, = u.
2. w exactly avoids u is u does not exactly occur in w.

3. w has a exact u-match starting at position ¢ if

WiWi41 -+ Wigj—1 — U

We let eumch(w) equal the number of u matches in w.
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Let z = (21, 22,...) and u € [k]* such that red(u) = u. Let

N, . (z,z) = Z gdes(W) L v and
weP™ umch(w)=0
N7[1kr]u (l’, Z) _ Z xdes(w)—i—lzw

we[k]™,umch(w)=0

and

N (z,z,t) = 1+ Z gdes(w)+1,w

wePt umch(w)=0

= 1+Z L (T, z)t".

n>1

N (x,2,t) is defined similarly.

Goal. Find an explicit formula for Nt (z,z,t) and N (z,2,t) in
the case where des(u) < 1.
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Let v € [k|* and

ENEU(ZE Z) = Z gdes(W) 1w and
weP™ eumch(w)=0
EN?[LITJM(:E’Z) _ Z xdes(w)—i—lzw

we[k]™,eumch(w)=0
and

g/\/‘z(sz’t) = 1+ Z xdeS(w)—l—lzw

w€EPT ,eumch (w)=0

— 1+Z L, z)t".

n>1

EN (2, 2,t) is defined similarly.
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Elementary & homogeneous symmetric functions

The n'® elementary symmetric function e,, is defined by

Et) =) ent" :=]](1+at).

n>0 )

The n'™ homogeneous symmetric function h,, is defined by

HO) =Y hnt" =[] =

n>0 )

The n'™ power symmetric function p,, is defined by
D = Z x, .
i

If A= (\1,...,A¢) is a partition, then
k k k
ha = [Lizi by ex =112y ex, and px = [ [i; o,
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Let A denote is ring of symmetric functions over infinitely many
variables z1,xa,.... It well known that {e) : A a partition} is a
basis for the ring of symmetric functions A. Thus eg,eq1,... is an

algebraically independent set of generators for A.

Thus to define a ring homomorphism 6 : A — R into some ring R,
we need only define 6(e,,) for n > 0.
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Let B) , be the number of brick tabloids of shape (n) and type A:

Theorem 1. ( Egecioglu-Remmel 1991)

h,, = Z(—l)n_K(A)BA,neA.
AFn
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A link from A to enumeration problems in words

Assume that
1

NP (z,z,t) =1+ Z NE)u(ZL', z)t"

n>1

Then

1
1 Upulz,z)t" =
+ 2 Unal@ " = e

T 1+ D ns1 Unu(z,2)t"

(1)

10
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Define a ring homomorphism 0 : A — Q[x]| by 0(eg) = 1 and

0(e,) = (—1)nN£)7u(ZE,Z) for n > 1.

Then
QH(D) = 1+ 0(h)
n>1
— O(1/B(—t)) = 1
1+ Zn21 0(en)(—t)"
B 1
1+ > o>t N (2, 2)t"
= 1+ Z Unw(x,z)t".
n>1
Therefore

O(hn) = Un.u(, 2).

11
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D (1) By ()

AFn

‘()

Z( )i EO‘)B H NA w(7,2)

AFn

(-1

AFn

t(N)

Z H Ng—;u(w,z).

(b1,.-3b0(x))EBX n 1=1

12
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We have
£(N)

O(hn) =Y > (—1)€</\>H Ny o (z,2)

)\"’I’L(bl,...,bg(k))elgk,n

from which we create the following objects:

13
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Let u = 2212,
We have

e(hn) —

2. 2

)\I—n(bl ,...,bg(k))EBA,n

£(A)

(1) N[ Ny, (2, 2)

1=1

14
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u=2211

‘()
(1) N Ny, (2, 2)
1=1
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u=2211

(1)

16
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Thus 0(h,,) is the set of triples (B, w, L) such that
1. B=(by,...,bx) is a brick tabloid of length n,

2. w=w...w, €P"is a word such that with in each brick b;,

there are no u-matches, and

3. L:{1,...,n} — {1,z,—x} is a labeling such that
L(i) = x if w; > w;+1 and w; and w; 1 lie in the same brick,
L(i) = —x is 7 is last cell of some brick b;, and
L(i) = 1, otherwise.

Let F,, denote the set of all triples (B, w, L) satisifying (1)-(3).

Define the weight of (B, w, L) by wt(B,w, L) = z" H L(7).
i=1
Then

Ohn)= Y  wt(B,w,L).
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Next we define an involution 1, : F,, — JF,, such that

(i) If I,(B,w,L) = (B,w,L") # (B,w, L), then
wt(B,w, L) = —wt(B',w’, L") and

(ii) I,(B,w, L) = (B, w, L), then wt(B,w, L) = x*2* for some
k> 1.

Let Fixz(I,) denote the set of fixed points of I,,.
It will then follow that

0(hy,) = > wt(B,w, L).

(B,w,L)eFix(I,)

18
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Definition of I,, on (B = (by,...,b;),w, L).

Look for the first cell ¢, reading from left to right, such that either
(i) c is labeled with x or

(ii) ¢ is at the end of a brick b; such that i < k, w. > w.11, and
there is no u-match in the cells of b; and b; 1.

In case (i), suppose that c is in brick b;. Then

In(B7w7L) — (b17 . '7bi—17b*7b**7bi+17 . '7bk)7w7L/)

where bx contains the cells of b; up to an including cell ¢ and b**
contains the rest of cells and L'(¢) = L(¢) if ¢ # ¢ and L'(c) = —x.

In case (ii),
In((B7 w, L) — (b17 sy bi—l) b7 b’i—|—27 sty bk)) w, L,)

where b is the brick that results by combining b; and b; ;1 into a
single brick and L’(¢) = L(¢) if i # ¢ and L'(c¢) = =.
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u=2211
X x =X -X -X -X -X
1 5|4 3|22 3 4 3 2
|
-X X =X -X -X -X -X
1 5114|3122 3 4 3 2

20
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Claim. If des(u) = 1, then I, is an involution

u = 124345

21
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The fixed points of [,.

Given (B,w, L) € F,,if B= (by,...,bx) and 1 <i <k, we let
last(b;) be the letter in the right most cell of b; and
first(b;) be the letter in the left most cell of b;.

Then (B,w, L) € Fix(1l,) if and only if

1. There are no x labels which implies that w is weakly increasing
within bricks.

2. For any two consecutive bricks b; and b; 1 in B either
(i) last(b;) < first(b;11) or
(ii) last(b;) > first(b;1.1) and there is a u-match in the cells of b;
and b;11 which must necessary involve last(b;) and first(b;11).
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The Collapse Map

u=2211

CB,w,L)

124523233342

23
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Theorem 2. Let u=2"1° wherer,s > 1 andr + s> 3. Let
v="01...v, € PT. Then

Z t" Z wt(B,w, L) =

nzp (B,w,L)EFia:(In)
C(B,w,L)=v

. vyp _oawris(w) ji(v)
xz't? | (1 —x) ijz' \xﬁ:_mtrﬁ_zzf_lz;_l
1<jg

Theorem 3. Let u=2"1° wherer,s > 1 andr + s> 3. Then

Z Unp(x,2)t" =

n>1

o vylv| 1 o\ wris(w) ji(v)
ZL‘E 21 — x) H:z:ji \xji:_xtr%_ng_lzr_l

J
veEPT 1<J
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For any word w = w; ... w, € P", we let 2% = 24, ... 2y
Theorem 4. (Fuller-Remmel)

1l—2x
1 i des(w) ,w __ 9
+Z Z v y —2 + [[is (1 —t(z — 1)z;) 2)

n>1 wePn

n

Using the substitution ¢ — ty and  — x/y and some algebra, one
finds that

. L=~ +txr—1y)z
Ztn Z xdes(w)ywrls(w)zw _ szl( ( y) J) (3)

n>1 wePn —T ynjz1(1 + t(z — y)zj)

25
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Let
(x,2,1) Z ¢lwl wH:I:J (w),
welP* 1<J

Given a set S C P, we let

XZ(S) =

(1 it § =),

q % if S=1{j}, and

L%J1 " Rk Hf:_ll(xji—{—lji —1) it S={j1 <---<jr} where k > 2.
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S={15,7,9}

R VN

1 5 7 9

XZ(S) = 2,2:,2, 24 (x51 -1) (x75—1) (x97—1)

Theorem 5.
1

Fr(x,z,t)) =

1=2 51" > scp.|si=n X Z(S)

27
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u=3412 k=5
-X —X -X -X -X
1/214(41|5]|2/3|3|5|||1|2]|3 3| 3|4|||1|2
C(B,w,L)
124433233332
43 ———= 4513 4523
—xz5z1t2 —xz5z2t2
32 ——= 3412 3512
-X24 z1t2 —xz5z1t2

21 ——=

0

28
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u=2312 k=5
-X -X -X -X -X
1/1212|2 (5]||1|2|3|5]|||1|3|3 4 3
C(B,w,L)
122223333333
22 —= 2312 2412 2512
1-x —xz3z1t2 -X 2y z1t2 _xz5z1t2
33 ——= 3413 3513 3423 3523
1-x —xz4z1t2 —xz4z1t2 —xz4z2t2 —xz5z2t2

11 —= 1-x

29



JPURMUTATION PATTERNS 2014

Theorem 6.

2.

weP* ,des(w)=0

ol oo T = 1 +

tzi
Z H 1 — tZZ'Q?z' '

SCP,S#0i€S

30
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u=2413 k =6
-X -X -X -X -X
1\1|1|2|5]|||1|3|3|86 4 55|(|5|6
C(B,w,L)
12223344555556
23 ———= 2413 2513 2613
1-x —xz4z1t2 —xz5z1t2 _xz6z1t2
34 ———= 3514 3524 3614 3624
1-x —xz5z1t2 —xz6z2t2 —xz6z1t2 —xz6z2t2

12 —= 1-x

31
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Theorem 7.

ol o +
Z tlwl Hyé( ):1+Zlijzjt+

weP* des(w)=0 1<J j=>1

> Yzr(9).
SCP,|S|>2
Given aset S = {i1 <12 <---<i;} CP, we let

J
YZT(S) — yilizyiQiB T yij—lij H

r=1

Zz'rt
1 — Zirt .




